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Because the ions in a perfect crystal are arranged in a regular periodic array, we arc
led to consider the problem of an clectron in a potential U(r) with the periodicity of
the underlying Bravais lattice; ic.,

Uir + R) = Ulr) (8.1)
for all Bravais lattice vectors K.

Since the scale of periodicity of the potential U (~ 107 * cm) is the size of a typical
de Broglic wavelength of an clectren in the Sommerfeld free clectron model, it is
cssential to use quantum mechanics in accountiny for the cficct of periodicity on
clectronic motion. In this chapter we shall discuss those propertics of the clectronic
levels that depend only on the periodicity of the potential, without regard to its
particular form. The discussion will be continued in Chapters 9 and 10 in two limiting
cascs of grcat physical interest that provide more conercte illustrations of the general
results of this chapter. In Chapter 11 some of the more important methods for the
detailed calculation of electronic levels arc summarized. In Chapters 12 and 13 we
shall discuss the bearing of these results on the problems of clectronic transport
theory first raised in Chapters 1 and 2, indicating how many of the anomalics of
free clectron theory (Chapter 3) arc thercby removed. In Chapters 14 and 15 wc shall
cxamine the propertics of specific metals that illustrate and confirm the general theory.

We cmphasize at the outset that perfect periodicity is an idealization. Real solids
are never absolutely pure, and in the neighborhood of the impurity atoms the solid
is not the same as elsewhere in the crystal. Furthermore, there is always a slight
temperaturc-dependent probability of finding missing or misplaced ions (Chapter 30)
that destroy the perfect translational symmetry of cven an absolutcly pure crystal.
Finally, the iens arc not in fact stationary, but continually undergo thermal vibra-
tions about their equilibrium positions.

These imperfections are all of great importance. They are, for example, ultimately
responsible for the fact that the clectrical conductivity of metals is not infinite
Progrcss is best made, however, by artificially dividing the preblem into two parts:
(a) the idcal fictitious perfect crystal, in which the potential is genuinely periodic, and
(b) the cffects on the properties of a hypothetical perfect crystal of all deviations from
perfect periodicity, treated as small perturbations.

We also emphasize that the problem of clectrons in a periodic potential docs not
arisc only in the context of metals. Most of our general conclusions apply to all
crystalline solids. and will play an important rolc in our subsequent discussions of
insulators and semicenductors.

THE PERIODIC POTENTIAL

'T'he problem of clectrons in a solid is in principle a many-clectron problem, for the
full Hamiltonian of the solid contains not only the one-electron potentials describing
the interactions of the clectrens with the massive atomic nuclei, but also pair potentials
describing the clectron-clectron interactions. In the indecpendent clectron approxi-
mation these interactions are represented by an effective one-clectron potential Uf(r).
"The problem of how best to ¢hoesc this cffective potential is a complicated one,
which we shall return to in Chapters 11 and 17. Here we mercly observe that whatever
detailed form the one-clectreon cffective potential may have, if the crystal is perfectly
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periodic 1t must satisfy (8.1). From this fact alone many important conclusions ¢an
alrcady be drawn.

Qualitatively, however, a typical crystalline potential might be expected to have
the form shown in Figure 8.1, resembling the individual atomic potentials as the ion
1s approached closcly and flattening off in the region between ions.
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W arc thus led to examine gencral propertics of the Schrédinger oyuation for a
singlc clectron,
z
Hif = (—h—\?z + U(r)) v = &, (8.2)
2m
that follow from the fact that the potential U has the periodicity (8.1). The free clectron
Schradinger equation (2.4) is a special case of (8.2) (although, as we shall sec. in some
respects a very pathological one), zero potential being the simplest example of a
periodic one.

Indcpendent clectrons, cach of which obeys a one clectron Schrédinger equation
with a periodic potential, arc known as Bloch electrons (in contrast to “free clectrons,”™
to which Bloch clectrons reduce when the periodic potential 1s identically zero). The
stationary states of Bloch clectrons have the following very important property as
a wenceral conscquence of the periodicity of the potential U':

BLOCH'S THEGREM

Theorem.' I'hc cigenstates ¥ of the one-clectron Hamiltonian H = —h*V*/2m +
Uf(r), where U(r + R) = U(r) for all R in a Bravais lattice, can be chosen to have the
form of 2 planc wave times a function with the periedicity of the Bravais lattice:

() = ¢ ualn), | (8.3)

1 The theorora was first proved by Floguet in the one-diznensioral case, where if is frequently called
Flexpat's thevrem.
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where
i {r + R) = u,,(r) (8.4)
for all R in the Bravais lattice.?
Note that Egs. (8.3) and (8.4) imply that

Wl + R) = ‘-’It'nlou('}- (8.5)

Bloch's theorem is sometimes stated in this alternative form:® the cigenstates of H
can be chosen so that associated with each \ 1s a wave vector k such that

| ir + R)_= e*-".,o(.),'

for every R in the Bravais lattice.
We oifer two proofs of Bloch's theorem, one from general quantum-mechanical
considerations and one by explicit construction.®

(8.6)

FIRST PROOF OF BLOCH'S THEOREM

For cach Bravais lattice vector R we define a translation operator 7, which, when
operating on any function f{r), shifts the argument by R: '

Lf@) =f(r + R). (8.7
Since the Hamiltonian s periodic, we have
T.HY = Hix + Riji(r + R) = Hix)f(r + R) = HT . (8.8)
Because (8.8) holds identically for any function b, we have the operator identity
ToH = HT,. (8.9)

In addition, the resull of applying two successive translations does not depend on
the order in which they are applied, since for any ()

TaTpir) = T T = Yir + R + R'). (8.10)
Thereflore
LT = Tily = Tpun- (8.11)

Equations (8.9) and (8.11) assert that the Ty for all Bravais lattice vectors R and
the Hamiltonian H form a set of commuting operators. It follows from a fundamental
theorem of quantum mechanics® that the cigenstates of H can therefore be chosen
to be simultancous cigenstates of all the Ty :

H'l" = E‘E":
T = c(RW. (8.12)

! The index n s known as the bund index and occurs because for a giver k, as we shall see, there
will be many independért cigensiates.

3 Egualion (8.6) implics (8.3) and (8.4), since it requires the function u(r) = exp (—ik - r] y(r] to have
the periodicity of the Bravais lattice.

% The first proof relies on some formal results of quantum mecharics. The second is more clemeniary,
but also notationally more cumbersome.

*  See, for cxample, D. Park, Inttaduction to the Quanium Theory. McGraw-Hill, New York, 1964,
p- 121
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The eigenvalues ¢(R) of the translation operators are related because of the condition
(8.11), for on the one hand

Ta Ty = cR)T ) = o(R)e(R' ), (8.13)
while, according to (8.11),
ToTol = T o b = c(R + R (8.14)
It follows that the eigenvalues must satisfy
oR + R) = (R)e(R). ®.13)

Now let a; be three primitive vectors for the Bravais lattice. We can aliways write
the ¢(g;) in the form
cfa;) = e*™4 (8.16)

by a suitable choice® of the x; It then follows by successive applications of (§.15)
that if R is a general Bravais lattice vector given by

R = ma, + n:a, + nia;, (8.17)
then
c(R) = cla, 1e(a,)2clay . (8.18)
But this 1s precisely equivalent to
c¢(R) = e* & (8.19)
where
k = x;b, + x,b; + xib; (8.20)

and the b; are the reciprocal lattice vectors satisfying Eq. (54)- b, -a ; = 27mdy;.
Summarizing, we have shown that we can choose the eigenstates i of H so that
for every Bravais lattice vector R,

Tty = Yir + R) = c(RW = ™ *ifr) (8.21)

This is precisely Bloch's theorem, in the form (8.6).

THE BORN-VON KARMAN BOUNDARY CONDITION

By mmposing an appropriate boundary condition on the wave functions we can
demonstrate that the wave vector k must be real, and arrive at a condition restricting
the allowed values of k. The condition generally chosen is the natural generalization
of the condition (2.5) used in the Sommerfeld theory of free electrons in a cubical
box. As in that case, we introduce the volume containing the electrons into the theory
through a Born—von Karman boundary condition of macroscopic periodicity (page
33). Unless, however, the Bravais lattice is cubic and L is an integral multiple of
the lattice constant q, it 18 not convenient to continue to work in a cubical volume
of side L. Instead, it is more convenient to work in a volume commensurate with a

® We shall sce that for suitable boundury conditions the x, must be real, but for now they car be
1egarded as gencral complex nwabors.
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primitive cell of the underlying Bravais lattce. We thercfore generalize the periodic
boundary condition (2.5) to

ir + Nag) = (), i=1273, (8.22)

where the a, arc three primitive vectors and the N, arc all intcyers of order N3,
where N = N,N,N is the total number of primitive cells in the crystal.

As in Chapter 2, we adopt this boundary condition under the assumption that
the bulk propertics of the solid will not depend on the choice of boundary condition,
which can therefore be dictated by analytical convenience.

Applying Bloch’s thcorem (8.6) to the boundary condition (8.22) we find that

Walr + Nag) = " i), i=1,23, (823)
which requires that
SR = ] i=1223. (8.24)
When k has the form (8.20), Ey. (8.24) requires that
‘_,Zm'h'.-xi . L (8-2@
and conscquently we must have
xX; = ﬂ, m; integral. (8.26)
N¢

I'herefore the general form for allowed Bloch wave vectors is’
e
k=) A_"'bi' m, integral. (827)
=1 4

It follows from (8.27) that the volume Ak of k-spacc per allowed valuc of k is just
the volume of the little parallelepiped with edyes by/N,:

b (b B} _ 1
M= (Nz X N}) = +7bi - (B2 x by). (828)

Since b, = (b X b;) is the volume of a reciprocal lattice primitive cell, Eq. (8.28)
asscrts that the mumber of allowed wave vectors in @ primitive cell of the reciprocal
lattice is equal to the mumber of sites in the crystal.

‘The volume of a reciprocal lattice primitive cell is (27)* /v, where v = F/N is the
volume of a direct lattice primitive ocll, so Ey. (8.28) can be written in the alternative
form:

ey |

Ak = ,

(8.29)

This is preciscly the result (2.18) we found in the free clectron case.

T Note that (8:27) reduces o the form (216) used in free electron theory when the Biavais lattice is
sitnple cubic, the 8; are the cubic primitive vectors, and N, = N2 = Na= L



